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Common ﬁxed pointAbstract The existence of coincidence point and common ﬁxed point for noncommuting mappings
satisfying certain contractive condition in fuzzy cone metric space is established and result is justi-
ﬁed by a counter example. By using this result, some common ﬁxed point theorems are also estab-
lished for generalize contractive conditions.
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The idea of cone metric space and cone normed linear space
are recent development in functional analysis. The idea of cone
metric space was introduced by Long-Guang and Xian [1]. The
deﬁnition of cone normed linear space is introduced by
Samanta et al. [2] and Eshaghi Gordji et al. [3]. Although
316 T. Bagthe concept of cone normed linear space in [2,3] are almost
similar. In earlier papers [4,5], the author introduced the idea
of fuzzy cone metric space as well as fuzzy cone normed linear
space and studied some basic results.
The study of common ﬁxed points of mappings satisfying
certain contractive conditions is now a vigorous research activ-
ity. In 1976, Jungck [6], proved a common ﬁxed point theorem
for commuting mappings, generalizing the Banach contraction
principle. After that, different authors developed more results
regarding common ﬁxed point theorem by using different types
of contractive conditions for noncommuting mappings in met-
ric spaces (for references please see [7–10]. On the other hand
Abbas and Jungck [11] developed common ﬁxed point results
for noncommuting mappings in cone metric spaces.
In this paper, the existence of coincidence points and
common ﬁxed point for noncommuting mappings satisfying
some contractive conditions in fuzzy cone metric spaces are
established and the results are justiﬁed by an example.
The organization of the paper is as follows:
Section 1, comprises some preliminary results which are
used in this paper.
Some common ﬁxed point results are established in
Section 2.1. Some preliminary results
A fuzzy number is a mapping x : R! ½0; 1 over the set R of
all reals.
A fuzzy number x is convex if xðtÞP minðxðsÞ; xðrÞÞ where
s 6 t 6 r.
If there exists t0 2 R such that xðt0Þ ¼ 1, then x is called
normal. For 0 < a 6 1, a-level set of an upper semi continuous
convex normal fuzzy number (denoted by ½gaÞ is a closed
interval ½aa; ba, where aa ¼ 1 and ba ¼ þ1 are admissible.
When aa ¼ 1, for instance, then ½aa; ba means the interval
ð1; ba. Similar is the case when ba ¼ þ1.
A fuzzy number x is called non-negative if xðtÞ ¼ 0; 8t < 0.
Kaleva (Felbin) denoted the set of all convex, normal,
upper semicontinuous fuzzy real numbers by E(R(I)) and the
set of all non-negative, convex, normal, upper semicontinuous
fuzzy real numbers by GðRðIÞÞ.
A partial ordering ‘‘’’ in E is deﬁned by g  d if and only




a for all a 2 ð0; 1 where ½ga ¼ a1a; b1a
 
and
½da ¼ a2a; b2a
 
. The strict inequality in E is deﬁned by g  d if






a for each a 2 ð0; 1.
Proposition 1.1 [12]. Let g; d 2 EðRðIÞÞ and ½ga ¼ a1a; b1a
 
;
½da ¼ a2a; b2a
 
; a 2 ð0; 1.Then
½g da ¼ a1a þ a2a; b1a þ b2a
 
½g da ¼ a1a  b2a; b1a  a2a
 
½g	 da ¼ a1aa2a; b1ab2a
 
Deﬁnition 1.1 [13]. A sequence fgng in E is said to be conver-
gent and converges to g denoted by limn!1gn ¼ g if
limn!1ana ¼ aa and limn!1bna ¼ ba where ½gna ¼ ana; bna
 
and
½ga ¼ ½aa; ba8a 2 ð0; 1.
Note 1.1 [13]. If g; d 2 GðRðIÞÞ then g d 2 GðRðIÞÞ.Note 1.2 [13]. For any scalar t, the fuzzy real number tg is




Deﬁnition of fuzzy norm on a linear space as introduced by
Felbin is given below:
Deﬁnition 1.3 [14]. Let X be a vector space over R.
Let jj jj : X! RðIÞ and let the mappings
L;U : ½0; 1 
 ½0; 1 ! ½0; 1 be symmetric, nondecreasing in
both arguments and satisfy
Lð0; 0Þ ¼ 0 and Uð1; 1Þ ¼ 1.
Write
½jjxjja ¼ jjxjj1a; jjxjj2a
h i
for x 2 X; 0 < a 6 1 and suppose
for all x 2 X; x–0, there exists a0 2 ð0; 1 independent of x
such that for all a 6 a0,
(A) jjxjj2a <1.
(B) infjjxjj1a > 0.
The quadruple ðX; jj jj;L;UÞ is called a fuzzy normed linear
space and jj jj is a fuzzy norm if
(i) jjxjj ¼ 0 if and only if x ¼ 0;
(ii) jjrxjj ¼ jrjjjxjj; x 2 X ; r 2 R;
(iii) for all x; y 2 X ,(a) whenever s 6 jjxjj11; t 6 jjyjj11 and sþ t 6
jjxþ yjj11, jjxþ yjjðsþ tÞP LðjjxjjðsÞ; jjyjjðtÞÞ,
(b) whenever sP jjxjj11; t P jjyjj11 and sþ t P
jjxþ yjj11, jjxþ yjjðsþ tÞ 6 UðjjxjjðsÞ; jjyjjðtÞÞRemark 1.2 [14]. Felbin proved that,
If L ¼ V(Min) and U ¼ W(Max) then the triangle inequal-
ity (iii) in Deﬁnition 1.3 is equivalent to
jjxþ yjj  jjxjj  jjyjj:
Further jj jjia; i ¼ 1; 2 are crisp norms on X for each a 2 ð0; 1.
In that case we simply denote ðX; jj jjÞ.
Deﬁnition 1.6 [4]. Let ðE; jj jjÞ be a fuzzy real Banach space
(Felbin sense) where jj jj : E! RðIÞ.
Denote the range of jj jj by EðIÞ. Thus EðIÞ  RðIÞ.
Deﬁnition 1.7 [4]. A member g 2 RðIÞ is said to be an interior
point if 9r > 0 such that
Sðg; rÞ ¼ fd 2 RðIÞ : g d  rg  RðIÞ.
Set of all interior points of RðIÞ is called interior of RðIÞ.
Deﬁnition 1.8 [4]. A subset of F of EðIÞ is said to be fuzzy
closed if for any sequence fgng such that limn!1gn ¼ g implies
g 2 F.
Deﬁnition 1.9 [4]. A subset P of EðIÞ is called a fuzzy cone if
(i) P is fuzzy closed, nonempty and P – f0g;
(ii) a; b 2 R; a; bP 0; g; d 2 P ) ag bd 2 P ;
(iii) g 2 P and g 2 P ) g ¼ 0.
Some common ﬁxed point results for noncommuting mappings 317Given a fuzzy cone P  EðIÞ, deﬁne a partial ordering 6
with respect to P by g 6 d iff d g 2 P and g < d indicates
that g 6 d but g–d while g d will stand for d g 2 Int P
where Int P denotes the interior of P.
The fuzzy cone P is called normal if there is a number K > 0
such that for all g; d 2 EðIÞ, with 0 6 g 6 d implies g  Kd.
The least positive number satisfying above is called the normal
constant of P.
The fuzzy cone P is called regular if every increasing
sequence which is bounded from above is convergent. That
is if fgng is a sequence such that g1 6 g2 6 . . . . . . 6 gn 6 . . .
6 g for some g 2 EðIÞ, then there is d 2 EðIÞ such that
gn ! d as n!1.
Equivalently, the fuzzy cone P is regular if every decreasing
sequence which is bounded below is convergent. It is clear that
a regular fuzzy cone is a normal fuzzy cone.
In the following we always assume that E is a fuzzy real
Banach (Felbin sense) space, P is a fuzzy cone in E with Int
P „ / and 6 is a partial ordering with respect to P.
Deﬁnition 1.10 [4]. Let X be a nonempty set. Suppose the
mapping d : X
 X! EðIÞ satisﬁes
(Fd1) 0 6 dðx; yÞ8x; y 2 X and dðx; yÞ ¼ 0 iff x ¼ y;
(Fd2) dðx; yÞ ¼ dðy; xÞ8x; y 2 X ;
(Fd3) dðx; yÞ 6 dðx; zÞ  dðz; yÞ8x; y; z 2 X .
Then d is called a fuzzy cone metric and ðX; dÞ is called a
fuzzy cone metric space.
Deﬁnition 1.11 [4]. Let ðX; dÞ be a fuzzy cone metric space.
Letfxng be a sequence in X and x 2 X. If for every c 2 E with
0 jjcjj there is a positive integer N such that for all
n > N; dðxn; xÞ  jjcjj, then fxng is said to be convergent
and converges to x and x is called the limit of fxng. We denote
it by limn!1xn ¼ x.
Lemma 1.2 [4]. Let ðX; dÞ be a fuzzy cone metric space and P
be a normal fuzzy cone with normal constant K. Let fxng be a
sequence in X. If fxng is convergent then its limit is unique.
Deﬁnition 1.12 [4]. Let ðX; dÞ be a fuzzy cone metric space and
fxng be a sequence in X. If for any c 2 E with 0 jjcjj, there
exists a natural number N such that 8m; n > N; dðxn; xmÞ
 jjcjj, then fxng is called a Cauchy sequence in X.
Deﬁnition 1.13 [4]. Let ðX; dÞ be a fuzzy cone metric space. If
every Cauchy sequence is convergent in X, then X is called a
complete fuzzy cone metric space.
Deﬁnition 1.14 [11]. Let f and g be self mappings deﬁned on a
set X. If w ¼ fðxÞ ¼ gðxÞ for some x 2 X, then x is called a
coincidence point of f and g and w is called a point of coinci-
dence of f and g.
Proposition 1.2 [11]. Let f and g be weakly compatible self-
mappings of a set X. If f and g have a unique point of coincidence
w ¼ fðxÞ ¼ gðxÞ, then w is the unique common ﬁxed point of f
and g.2. Common ﬁxed point theorems
In this section, some common ﬁxed point results for noncom-
muting and weakly compatible mappings in fuzzy cone metric
spaces are established.
Theorem 2.1. Let ðX; dÞ be a fuzzy cone metric space and P be a
fuzzy normal cone with normal constant K. Suppose mappings
f; g : X! X satisfy
dðfx; fyÞ 6 kdðgx; gyÞ8x; y 2 X where k 2 ½0; 1Þ is a
constant.
If the range of g contains the range of f and gðXÞ is a
complete subspace of X, then f and g have unique point of
coincidence in X.
Moreover if f and g are weakly compatible, f and g have a
unique common ﬁxed point.
Proof. Let x0 be an arbitrary point in X. Choose a point x1 in
X such that fðx0Þ ¼ gðx1Þ. This can be done, since the range of
g contains the range of f. Continuing this process, having cho-
sen xn in X, we obtain xnþ1 in X such that fðxnÞ ¼ gðxnþ1Þ.
Then, dðgxnþ1; gxnÞ ¼ dðfxn; fxn1Þ 6 kdðgxn; gxn1Þ 6
k2dðgxn1; gxn2Þ 6 . . ..
i:e: dðgxnþ1; gxnÞ 6 kndðgx1; gx0Þ:
Then for n > m,
dðgxn; gxmÞ 6 dðgxn; gxn1Þ  dðgxn1; gxn2Þ  . . . . . . :
dðgxmþ1; gxmÞ
i:e: dðgxn; gxmÞ 6 ðkn1 þ kn2 þ . . . . . .þ kmÞdððgx1; gx0Þ:
i:e: dðgxn; gxmÞ 6
km
1 k dðgx1; gx0Þ: ð1Þ





Let dðgxn; gxmÞ ¼ jjyn;mjj and dðgx1; gx0Þ ¼ jjy1;0jj where
yn;m; y1;0 2 E.











jjyn;mjj1a¼ 0 and lim
m;n!1







This implies that fgxng is a Cauchy sequence. Since gðXÞ is
complete, there exists a q 2 gðXÞ such that gxn ! q as n!1.
Consequently, we can ﬁnd p 2 X such that gðpÞ ¼ q.
Further, dðgxn; fpÞ ¼ dðfxn1; fpÞ 6 kdðgxn1; gpÞ.
318 T. BagAgain since P is a fuzzy normal cone with normal constant
K, we get,
dðgxn; fpÞ  Kkdðgxn1; gpÞ:
Since dðgxn1; gpÞ ! 0 as n!1, by the same argument as
above, it follows that
dðgxn; fpÞ ! 0 as n!1:
On the other hand, dðgxn; gpÞ ! 0 as n!1.
Since the limit of a convergent sequence in fuzzy cone
metric space is unique, we get fðpÞ ¼ gðpÞ.
Nowwe show that, f and g has a unique point of coincidence.
For, assume that there exists another point q in X such that
fðqÞ ¼ gðqÞ.
Now, dðgq; gpÞ ¼ dðfq; fpÞ 6 kdðgq; gpÞ.
Since P is normal cone with normal constant K we get
dðgq; gpÞ  Kkdðgq; gpÞ:
) dðgq; gpÞ ¼ 0
) gq ¼ gp:
Hence f and g have a unique point of coincidence. Thus from
Proposition 1.2 (Abas et al.) it follows that f and g have a
unique common ﬁxed point. h
The above theorem is justiﬁed by the following example.
Example 2.1. Let ðE; jj jj0Þ be a Banach space. Deﬁne
jj jj : E! RðIÞ by
jjxjjðtÞ ¼ 1 if t > jjxjj
0
0 if t 6 jjxjj0
(
Then ½jjxjja ¼ ½jjxjj0; jjxjj0 8a 2 ð0; 1.
It is easy to verify that,
(i) jjxjj ¼ 0 iff x ¼ 0 (ii) jjrxjj ¼ jrjjjxjj (iii) jjxþ yjj 
jjxjj  jjyjj.
Thus ðE; jj jjÞ is a fuzzy normed linear space (Felbin sense).
Let fxng be a Cauchy sequence in ðE; jj jjÞ
So; lim
m;n!1
jjxn  xmjj ¼ 0:
) lim
m;n!1
jjxn  xmjj0 ¼ 0:
) fxng be a Cauchy sequence in ðE; jj jj0Þ:
Since ðE; jj jj0Þ is complete, 9x 2 E such that limm;n!1
jjxn  xjj0 ¼ 0.
i:e: lim
n!1
jjxn  xjj ¼ 0:
Thus ðE; jj jjÞ is a real fuzzy Banach space.
Deﬁne P ¼ fg 2 EðIÞ : g  0g.
(i) P is fuzzy closed.
For, consider a sequence fdng in P such that limn!1dn ! d.
i:e: lim
n!
d1n;a ¼ d1a and lim
n!
d2n;a ¼ d2a where
½dna ¼ d1n;a; d2n;a
h i
and ½da ¼ d1a; d2a
 8a 2 ð0; 1:Now dn  0 8n.
So; d1n;a P 0 and d
2
n;a P 08a 2 ð0; 1:
) lim
n!
d1n;a P 0 and limn! d
2
n;a P 0 8a 2 ð0; 1
) d1a P 0 and d2a P 0 8a 2 ð0; 1:
) d  0:
So d 2 P. Hence P is fuzzy closed.
(ii) It is obvious that, a; b 2 R; a; bP 0g; d 2 P) ag
bd 2 P.
(iii) Let g 2 P. If g 2 P, then for all t < 0 we have
ðgÞðtÞ ¼ gðtÞ ¼ gðsÞP 0 for sð¼ tÞ > 0.
If gðsÞ ¼ 0 8s > 0 then g ¼ 0. Otherwise for some
sð¼ tÞ > 0; gðsÞ > 0.
i.e. for some t < 0; ðgÞðtÞ > 0. In that case g does not
belong to P.
Hence g 2 P and g 2 P implies g ¼ 0. Thus P is a fuzzy
cone in E.
Deﬁne jj jj : X




if tP jx yj
0 if t < jx yj
(
Then ½dðx; yÞa ¼ ½jx yj; jxyja 8a 2 ð0; 1.
It can be veriﬁed that d is a fuzzy cone metric (if we chose
the ordering 6 as ) and thus ðX; dÞ is a fuzzy cone metric
space.
Deﬁne two functions f; g : X! X by
fðxÞ ¼
1
bþ1x if x– 0
0 if x ¼ 0

and
gðxÞ ¼ x if x – 0
c if x ¼ 0

where bP 1 and c– 0.
Now we show that dðfx; fyÞ  kdðgx; gyÞ8x; y 2 X where
k ¼ 1b 2 ð0; 1.
For, dðfx; fyÞ ¼ dð 1bþ1 x; 1b yÞ.




bþ 1 jx yj and
d2aðfx; fyÞ ¼
1
bþ 1 jx yj 8a 2 ð0; 1: ð2Þ
Again dðgx; gyÞ ¼ dðx; yÞ.
So; ½dðgx; gyÞa ¼ ½dðx; yÞa ¼ ½ajx yj; jx yj; 8a 2 ð0; 1:
Thus d1aðgx; gyÞ ¼ ajx yj and d2aðgx; gyÞ ¼ jx yj 8a
2 ð0; 1: ð3Þ
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Moreover f and g have a coincidence point (x ¼ 0) in X.
We also observe that f and g do not commute at the coin-
cidence point 0.
For, fgð0Þ ¼ fðcÞ ¼ cbþ1 and gfð0Þ ¼ gðcÞ ¼ c.
Thus f and g are not weakly compatible. Also f and g have
no common ﬁxed point.
Theorem 2.2. Let ðX; dÞ be a fuzzy cone metric space and P be a
fuzzy normal cone with normal constant K. Suppose mappings
f; g : X! X satisfy the contractive condition
dðfx; fyÞ6 kðdðfx;gxÞdðfy;gyÞÞ 8x;y2Xwhere k2 ½0;1
2
Þ
is a constant: If the range of g contains the range of f
and gðXÞ is a complete subspace of X; then f and g
have a unique coincidence point inX:
Moreover if f and g are weakly compatible, f and g have a
unique common ﬁxed point.
Proof. Let x0 be an arbitrary point in X. Choose a point
x1 2 X such that fðx0Þ ¼ gðx1Þ. This can be done since the
range of g contains the range of f. Continuing this process,
having chosen xn in X, we obtain xnþ1 in X such that
fðxnÞ ¼ gðxnþ1Þ.
Then, dðgxnþ1; gxnÞ ¼ dðfxn; fxn1Þ 6 kðdðfxn; gxnÞ  d
ðfxn1; gxn1ÞÞ ¼ kðdðgxnþ1; gxnÞ  dðgxn; gxn1ÞÞ ) dðgxnþ1;
gxnÞ 6 hdðgxn; gxn1Þ where h ¼ k1k :
For n > m, we have,
dðgxn; gxmÞ 6 dðgxn; gxn1Þ  dðgxn1; gxn2Þ  . . . . . .
dðgxmþ1; gxmÞ
i:e: dðgxn; gxmÞ 6
hm
1 h dðgx1; gx0Þ from ð1Þ
i:e: dðgxn; gxmÞ  K
hm
1 h dðgx1; gx0Þ ðsince P
is a fuzzy normal coneÞ
) lim
m;n!1
dðgxn; gxmÞ ! 0 ðfrom Theorem 2:1Þ:
So fgxng is a Cauchy sequence.
Since gðXÞ is a complete subspace of X, there exists q in
gðXÞ such that gxn ! q as n!1.
Consequently we can ﬁnd p in X such that gðpÞ ¼ q.
Thus dðgxn; fpÞ ¼ dðfxn1; fpÞ 6 kdðgxn1; gpÞ
) dðgxn; fpÞ  Kkdðgxn1; gpÞ
) d1aðgxn; fpÞ 6 Kkd1aðgxn1; gpÞ
and
d2aðgxn; fpÞ 6 Kkd2aðgxn1; gpÞ 8a 2 ð0; 1:
) dðgxn; fpÞ ! 0 as n!1:
Also dðgxn; gpÞ ! 0 as n!1.The uniqueness of a limit in a fuzzy cone metric space
implies that fðpÞ ¼ gðpÞ.
Now we show that f and g have a unique point of
coincidence.
For, assume that there exists another point q in X such that
fq ¼ gq.
Now; dðgq; gpÞ ¼ dðfq; fpÞ 6 kðdðfq; gqÞ  dðfp; gpÞÞ
) dðgq; gpÞ  Kkðdðfq; gqÞ  dðfp; gpÞÞ
) dðgq; gpÞ ¼ 0 ðsince fq ¼ gq and fp ¼ gpÞ
) gq ¼ gp:
Thus f and g have unique point of coincidence. Hence by
Proposition 1.2, it follows that f and g have unique common
ﬁxed point. h
Theorem 2.3. Let ðX; dÞ be a fuzzy cone metric space and P be a
fuzzy normal cone with normal constant K < 1. Suppose map-
pings f; g : X! X satisfy the contractive condition
dðfx; fyÞ < kðdðfx; gyÞ  dðfy; gxÞÞ 8x; y 2 X where
k 2 ½0; 12Þ is a constant. If the range of g contains the range of
f and gðXÞ is a complete subspace of X, then f and g have a
unique coincidence point in X.
Moreover if f and g are weakly compatible, f and g have a
unique common ﬁxed point.
Proof. Let x0 be an arbitrary point in X. Choose a point x1 in
X such that fðx0Þ ¼ gðx1Þ. This can be done, since the range of
g contains the range of f. Continuing this process, having cho-
sen xn 2 X, we obtain xnþ1 2 X, such that fðxnÞ ¼ gðxnþ1Þ.
Then,
dðgxnþ1; gxnÞ ¼ dðfxn; fxn1Þ 6 kðdðfxn; gxn1Þ  dðfxn1; gxnÞÞ
i.e.
dðgxnþ1; gxnÞ 6 kðdðgxnþ1; gxnÞ  dðgxn; gxn1ÞÞ  dðgxn; gxnÞÞ
i.e. dðgxnþ1; gxnÞ 6 hdðgxn; gxn1Þ where h ¼ k1k.
Now for n > m we get,
dðgxn;gxmÞ6dðgxn;gxn1Þdðgxn1;gxn2Þ . . .dðgxmþ1;gxmÞ




Now by same argument as Theorem 2.2, we obtain a point
of coincidence of f and g. Now we show that f and g have a
unique point of coincidence. For this, assume that there exists
p and q in X such that fp ¼ gp and fq ¼ gq.
Now dðgq; gpÞ ¼ dðfq; fpÞ 6 kðdðfq; gpÞ  dðfp; gqÞÞ
i:e: dðgq; gpÞ 6 2kdðgq; gpÞ
) dðgq; gpÞ  2Kkdðgq; gpÞ ðsince P is normalÞ
) d1aðgq; gpÞ 6 2Kkd1aðgq; gpÞ
and
320 T. Bagd2aðgq; gpÞ6 2Kkd2aðgq; gpÞ 8a2 ð0;1
) d1aðgq; gpÞ¼ 0 and d2aðgq; gp¼ 0 8a2 ð0;1 ðsinceK< 1Þ
) dðgq; gpÞ¼ 0
) gq¼ gp:
So point of coincidence is unique. Again from Proposition
1.2, it follows that f and g have unique common ﬁxed point if
they are compatible. h3. Conclusion
In this paper, the existence of coincidence points and common
ﬁxed points for noncommuting mappings satisfying some con-
tractive conditions are established in fuzzy cone metric spaces
and the results are veriﬁed by an example. It is an attempt to
develop ﬁxed point theorems for noncommuting mappings
using different types of contractive conditions. I think that
there is a wide scope of research to develop ﬁxed point results
in fuzzy cone metric spaces.
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